Journal of Statistical Physics, Vol. 106, Nos. 5/6, March 2002 (© 2002)

Asymptotic and Numerical Analyses for Mechanical
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A mechanical model of a particle immersed in a heat bath is studied, in which a
distinguished particle interacts via linear springs with a collection of » particles
with variable masses and random initial conditions; the jth particle oscillates
with frequency j?, where p is a parameter. For p > 1/2 the sequence of random
processes that describe the trajectory of the distinguished particle tends almost
surely, as n— o0, to the solution of an integro-differential equation with a
random driving term; the mean convergence rate is 1/n?~'/2. We further inves-
tigate whether the motion of the distinguished particle can be well approximated
by an integration scheme—the symplectic Euler scheme—when the product of
time step /4 and highest frequency »” is of order 1, that is, when high frequencies
are underresolved. For 1/2 < p < 1 the numerical solution is found to converge
to the exact solution at a reduced rate of |log 4| A2~'/?. These results shed light
on existing numerical data.

KEY WORDS: Heat bath; generalized Langevin equation; Volterra equation;
stiff oscillatory systems; symplectic Euler scheme; order reduction.

1. INTRODUCTION

We study a simple model of a particle in a heat bath. The heat bath con-
sists of a collection of particles that interact with the distinguished particle
through springs. Such models were introduced back in the 1960’s by Ford
et al.¥ in order to study the mechanical foundations of Brownian motion
and stochastic dynamics. There exists a significant amount of related
literature both for classical and quantum systems (see, e.g., refs. 2-5). In
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recent years, there has been a renewed interest in systems of this type in the
context of the numerical analysis of large oscillatory systems with broad
frequency spectra,®® and the approximation of stochastic differential
equations.® Kast1® considered systems of coupled oscillators in the
context of optimal prediction theory.!1?

We examine a one-parameter family of models that are a variant of
the Ford-Kac-Mazur model. A collection of » particles of different masses
interacts with a distinguished particle through linear springs of unit
strength. A parameter, p, determines the mass distribution: the jth particle
has mass m; = j . Thus, if the distinguished particle was held fixed, it
would be the anchor point of » independent oscillators with frequencies
w; = j?. The model studied by Stuart and Warren® is a particular instance
with p = 1. It is a very special case as all frequencies are rationally related,
resulting in periodic solutions. The generalization to p # 1 is interesting
since the motion of the distinguished particle is governed by nonlocal
memory effects (see later).

Following the standard approach in statistical mechanics it is assumed
that all the degrees of freedom, except for the ones under explicit consid-
eration, have random initial data. The system is assumed to be in thermo-
dynamical equilibrium, i.e., the random initial data are distributed accord-
ing to the Gibbs measure associated with the Hamiltonian of the system. In
the present case, the variables of interest are the position, Q,(¢), and the
momentum, P,(¢), of the distinguished particle; the subscript » refers to the
number of particles in the heat bath. Under these assumptions, Q,(¢) and
P,(2) are governed by a generalized Langevin equation, which is an integro-
differential equation with random forcing; the randomness stems from the
postulated random initial data.

We study the “thermodynamics limit,” n — oo, and find that for p >
1/2 the sequence of random trajectories, Q,(¢), converges almost surely
to a limiting processes, Q(¢); the convergence is uniform on any bounded
time interval [0,7]. We estimate the discrepancy between Q, and Q in
L*(Q; L[0,T]) and L'(Q; C[0,T]), where Q is the probability sample
space; in both cases the mean convergence rate is 1/n”~'/2 Our results
generalize those of Stuart and Warren,® who obtain mean square conver-
gence with rate 1/n'/? for p= 1.

We further investigate the numerical approximation of this model in
an underresolved setting, when the product of the time step, 4, and the
highest frequency, n?, is of order 1. The question is whether the trajectory
of the distinguished particle can be accurately predicted without properly
resolving a fraction of the spectrum. We analyze the symplectic Euler
scheme, which has also been considered in refs. 6 and 8. In the limit 2 — 0,
n— o0, n?h < 1, the numerical solution converges to Q,. For 1/2<p<1
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the convergence rate is [log /| #>~'/?, which is less than the convergence rate
of the symplectic Euler scheme for non-stiff problems. These results are in
agreement with numerical data in ref. 7.

To facilitate the reading of this long and technical paper, we have
organized it in the following manner: We start with a presentation of the
model and the computational scheme (Sections 2-6). Both continuous and
discrete systems are brought into an integral form, which is the starting
point for our asymptotic analysis. Our main results are summarized in
Section 7; proofs follow in Sections 8-16. Numerical results are presented
in Section 17, followed by a discussion in Section 18.

2. THE MODEL

We consider a family of mechanical models that describe the motion
of a particle immersed in a heat bath. The heat bath is modeled by a large
collection of particles that interact with the distinguished particle via linear
springs. Let Q,, P, denote the position and momentum of the distinguished
particle, and g = (q,, 4»,.-.,4,), p=(p1, Ps,-.., P,) denote the vectors of
positions and momenta of a collection of » particles that constitute the heat
bath. All motions are assumed to take place in one space dimension. The
Hamiltonian of the system is

1 1Z 2
HQu Pt =5 P+ 043 3 | Dk@ -0 | )

where m; is the mass of the jth particle, and k; is the stiffness of the spring
that connects the jth particle to the distinguished particle. In this paper we
consider a continuous family of models where the mass distribution is
m;=1/j*, j=1,2,..,n, and where all the springs are of equal strength,
k; = 1; the parameter p plays an important role in the limiting behavior of
this system as n — oco. This family of models is a variant of the model
introduced by Ford et al.,""'¥ and is closely related to the models recently
studied by Stuart and Warren® and Cano and Stuart.®
The Hamilton equations of motion are

{anPn {quijpj

5 n . 2
Pn=_Qn+Zj=1(qj_Qn) pj=_(qj_Qn)

complemented by initial conditions, Q,(0)=Q,, P,(0)=PF,, ¢;(0), and
p;(0). The assumption is that the initial conditions of the heat bath
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variables are random, with a joint probability measure, u,, given by the
equilibrium Gibbs distribution,

w,(dgxdp)y=2~ e FH(Qo. Po.4. p) dq dp

where Z is a normalization constant and f is the inverse temperature,
which without loss of generality will be taken to be 1. For H given by (1)
the measure u, is Gaussian and satisfies

Elq;—Qo]1=E[p;]=0

2 22p 2 (3)
E[(q;~ Qu)’1=E[j"pj]=1

where E[ -] denotes expectation with respect to u,. Thus, ¢;(0) = Q,+¢;
and p;(0) = jn;, where {; and #; are independent identically-distributed
random variables drawn from a normal distribution 47(0, 1). Our statisti-
cal setting for the initial conditions differs slightly from the one used in
ref. 6, where g;(0), p;(0) are assumed to be distributed independently of

QO: P 0-
Equation (3) suggests the following change of variables:

a; = (q]‘ -0,), bj =jppj

leading to rescaled equations of motion:

{anPn {djszbi_Pn
Pn =-0, +Z;’=1 a; Bj = —j’a;

with initial conditions a;(0) = ¢; and 5,(0) = #,.

4)

3. GENERALIZED LANGEVIN EQUATION

The model equations (4) are sufficiently simple for the a;, b; equations
to be integrated explicitly by standard methods:

a,(t) = & cos( 1) +1, sin( 1) — | " cos[ j/(1—s)] P,(s) ds
t 5)
b,(t) = —&; sin(jt)+1; cos(j?t) + jo sin[ j7(t—s5)] P,(s) ds

Substituting a;(¢) back into the P, equation in (4) we obtain a closed set of
equations for the motion of the distinguished particle:
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Qn =Pn

. : 6
P, =0, w,(1=35) P,(s) ds+8,(0) ©

where

n

k(1) =Y. cos(jr)

j=1

and

8.(0)= 3. & cos(1)-+1; sin(j70)]

j=1

Equation (6) is a projection of the (2rn+2)-dimensional system (4)
onto the two-dimensional subspace (Q,, P,); it is an inhomogeneous
integro-differential system of equations that describes the rate of change of
(Q,, P,) as function of their past and present values. The history depen-
dence is encapsulated by the memory kernel, x,(z). The function g,(¢) is a
forcing that depends on the initial values, ¢; and #;, of the integrated
variables. In the current setting, g,(¢) is a random function whose expecta-
tion value is identically zero, and whose autocorrelation function is given
by

n

E[g,(1) 8,(0)1= ). cos(j’t) =x,(1)

j=1

which is known as a fluctuation-dissipation relation. Equation (6) is an
instance of the Mori-Zwanzig projection formalism,*'*! and is also
known as a generalized Langevin equation.

For p=1 the memory kernel tends, as n — oo, to the Fourier series
of a 2z-periodic delta function, whereas g,(?) tends, for 0 <t <=, to the
Fourier representation of white noise. Stuart and Warren® showed that
0,(t) converges in the mean square on [0, 7] to the solution of the
stochastic differential equation,

0=P
P=—Q—§P+W

where W (¢) is white noise.
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4. VOLTERRA EQUATION

Equation (6) can be transformed into an integral equation of Volterra
type, which is a more convenient starting point for asymptotic analysis. We
first write (6) as a second-order equation for Q,(¢),

0,(1) = =0u(1) = || (1=5) Ou(s) ds-+£,(1)
and then integrate it from 0 to ¢, integrating by parts the memory term,
0,(1) = Py — Qo1 — QoK (1)

[ [ +r,=91 0,(5) ds+ [ g.(9)ds

where
) " sin( it
K,(0)=~[ [1+5,()]ds= 1=}, Smﬁ_j ) @)
j=1
A second integration from 0 to ¢ yields a Volterra convolution equation,
0,0 = Fy(1)+[ K,(1=5) 0,(s) ds ®)
with kernel K, and forcing
" 1—cos(j’t)
F(6)= Qo+ Pt+0Q ), —
j=1
)
1 —cos(]Pt) i r sin( jt)
D e
iz -

An equation for P,() is obtained by differentiating (8):

P = £,(0+] K (t=5) B(s) ds (10)
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where

fn(t) = Fn(t) + QOKn(t)

=Py —tQ,+ Zé

s1n(] t) 1 cos(]”t) an

Note that the equation that governs Q,(¢) differs from the equation that
governs P,(¢) only in the forcing.

5. SYMPLECTIC EULER SCHEME

From a computational point of view the equations of motion (2) form
a stiff oscillatory system due to the large ratio between the highest
frequency, which is of order n?, and the lowest frequency, which is of order 1.
The question addressed in refs. 6-8 is whether the motion of the distin-
guished particle can be accurately computed when the high frequencies are
underresolved, i.e., when the time step 4 is small relative to the characteris-
tic time scale of the distinguished particle, but the product #”4 is not small.
Cano and Stuart® conducted numerical experiments for a variety of
systems using several numerical methods; their results indicate that con-
vergence to the right solution is sensitive both to the system and to the
numerical method. In several cases, the numerical solution was found
to converge to the wrong limit. Their observation is that it is harder to
approximate systems with local damping, i.e., when the memory kernel has
a delta-singularity.

In this paper we analyze underresolved computations for the symplectic
Euler scheme (ref. 16, p. 312). The equations are solved on a finite time
interval [0, T]. Let & be a fixed step size, such that NA =T, with N the
total number of steps; 7, = kh denotes the time at the kth step. The discrete
variables are denoted by Q) ~ Q,(t,), Pk~ P,(1,), ¢} ~¢;(t,) and p}~
P;(t). The size of the heat bath, 7, is chosen such to keep the product n’A
approximately fixed: n =|(&/h)"/?], with & < 1.

The symplectic Euler scheme for (2) is

@k+1 — @k+hpk+l

P+ = PF_hQ 4+ h ; k_QF
-; @ ) (12)

k+1

g5t = q5 +hj*p}
pitt = pi—h(qs— Q%)

k+1
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Changing variables into a} = ¢ — Q¥ and b} = j7p%, the discrete analog of
@) is

@k+1 — @k +h|pk+1

P! = P _hQF+h " ok
ng ! (13)

ay*! =aj+hjrbit —(Q — Q@)

b+t = bk —hjrak

where Q) = Q,, P, = Py, a} =¢;, and b} =n;, with &, n, ~ A0, 1).
Like in the continuous case, the equations for af, b can be solved
explicitly; the derivation is presented in Appendix A. The solution, which is

the discrete analog of (5), is

al 1 cos[(k+3) ¢;] sin k¢; ¢
b;c B COS(%(IS]') < —sin k¢j COS[(k_%) ¢]] ><’7j>
£ 1 foos[(k—m+1) g1 sin[(k—m) 4]
m=1 COS(%‘JS]') < —sin[(k—m) ¢1] COS[(k—m—%) ¢1]>

x(QI’n_@:’"—1> (14)

0
where
¢, =cos~'(1-1j>n?)

Our formulas can be simplified by using the following identities:

sin(kd;) o

COS(%¢j) =" U () 15)
cos[(k+3) ;1 B
—COS(%%) = Uk(xj) Uk—l(xj)

where the U, are the Chebyshev polynomials of the second kind (see
Appendices A and B) and

x; =cos ¢, = 1—1jh’

Substituting the a;‘ component of (14) along with the identities (15)
into the P,-equation in (13), we obtain a closed, second-order difference

equation for Q*:
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Q! 20+ Q4! " z .
2 =—-Qk+ Z ELU(x)—U,_1(x;)1+h Z 1, 77U_1(x;)
j=1 j=1
n k
-y (Ui m(x%) = Up_ 1 (x)1(Q7 — Q1)
j=1 m=1

(16)

where we adopt the convention U_,(x) =0. Equation (16) is the discrete
analog of (6); it is a two-step (leap-frog) method. The two initial conditions
are deduced from (13):

@2=Q0

1 _ 2 2 . (17)
Q, =Qy+hP,—h*Qy+1* ) &
j=1

6. DISCRETE VOLTERRA EQUATION

In analogy with the continuous case, we convert the (discrete) integro-
differential equation (16) into a (discrete) integral equation. The procedure
is straightforward and parallel to its continuous counterpart: it involves
two summations over the discrete time index and summation by parts; the
derivation is presented in Appendix C.

The resulting equation is
k—1
Qf=Fi+n ) Ki‘aQl (18)

£=0

k=0,1,..., N, where the discrete kernel is

Kf=—t,—h Z Ue_1(x)) (19
=1

j=

where t, = kh, x; = 1—1j*h?, and we recall our convention that U_,(x) =0,
thus IK° = 0. The discrete forcing is

F = O Boty+ Qs ¥, o [Uk(xj;z; Cemi ()]

1_[Uk(xj)_Uk—1(xj)]+ z”: 7 |:t_k_h Uk—l(xj):|

J? =1L

+ Z: ¢ (20)
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Equations (18), (19), and (20) are the discrete analogs of (8), (7), and (9),
respectively.

7. SUMMARY OF MAIN RESULTS

The solutions Q,, P, of Eq. (8) are random functions, whereas the
solutions @,, P, of Eq. (18) are N-dimensional random vectors. In both
cases, the randomness stems from the random initial data &;,#;, j=1,
2,..., n, which are independent Gaussian variables. Recall that N and » are
related as n =[(&/h)V?], E<1,and N=T/h.

To analyze the limit n, N - oo, # — 0 we have to construct a probabil-
ity space with respect to which all random functions are defined. Consider
two infinite sequences of independent Gaussian variables &, 7;, j=1,2,...
defined on some probability space (2, #, #). For all n, Q, and P, are
measurable mappings from £ to some space of functions defined on [0, T'];
similarly, @,, P, are measurable mappings from Q to R".

To formulate our error bounds we introduce the following spaces of
functions:

1. Spaces of functions defined on [0, 7], C[0, 7] and L?[0, T'], with
the standard corresponding norms. We will use the abbreviate notations C
and L”, respectively, but one should always keep in mind that the time
interval is finite.

2. Spaces of random functions, L'(Q; C[0, T]) and L*(Q; L*[0, T]),
with norms

”Q”Ll(g; cro, 1) = E[ sup |Q(0)|]

0<t<T

and

”Q”LZ(Q; Lyo,ry = <E [LT Qz(t) dt}>l/2 (21)

Here, we shall use the abbreviate notations, L'(2;C) and L*(Q; L?),
respectively.

3. The space of N-dimensional (non-random) vectors, L;, N =T /h,
with norm

N-1
(INPEIDINN
k=0
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4. The space of N-dimensional random vectors, L(Q; L;), N =T/h,
with norm

N-1 12
191 = (E[ 4 % @]) )

To relate the finite dimensional space L*(; L}) to the infinite dimensional
space L*(Q2; L*) we introduce two mapping operators: a restriction operator
rn: L3(Q; L*) — L*(Q; L;) and a prolongation operator p,: L*(; L}) —
L*(Q; L*). Specifically, r, maps random functions Qe LX(Q; L?) into
random vectors by averaging over intervals of size 4,

Q) =1 [ 0 ds

whereas p, maps random vectors Q € L*(; L}) into piecewise-constant
random functions,

(PO = T 8%

where y,(¢) is the indicator function of the interval [#,¢,.,). These
approximations are first-order accurate, which is the order of the symplectic
Euler scheme.

A sequence Q, e L*(Q; L}) is said to converge discretely to Qe
LY (Q; L) if

lim [|Q, -7, Q2@ 3 = 0
and it is said to converge globally if
lirr}) 2@, — Oll2; 2 =0

One can show that discrete and global convergence are equivalent in the
current setting.
We can now formulate our main results:

Theorem 7.1. Let p>1/2 and T > 0. The sequence Q, converges
almost surely to a limit Q, and there exists a constant C > 0 that depends
on p and 7 such that
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C
19— Qull.i@:c) < 7

C
19— Qull2e; 2 < 17

Furthermore, the numerical solution @, converges (discretely) to Q,. For
the range of parameters 1/2 < p < 1 there exists a constant C > 0 such that

”rh Qn - @n "LZ(Q; Li) < C |10g hI h2—1/p

Above and below the symbol C is used repeatedly to denote positive
constants that depend on the parameters p, T (and possibly Q, and P,), but
are independent of n and A. The proof of Theorem 7.1 is based on a
sequence of auxiliary results which are listed in the following proposition:

Proposition 7.1. Let p>1/2and T > 0. Then:

1. K,—- Kin L'with

logn
K=Kl < c
Yy p=1

(Proof given in Section 8.)

2. Let R, and R be the resolvent kernels of K, and K, respectively:

R,=K,+K, *R,
R=K+K=xR

Then, for # sufficiently large

A +Rllz1) &,

IR— Rl <=
_an

where
& =(1+[R[) | K—K,|

(Proof given in Section 9.)
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3. F, - F almost surely in C with

C

np-1/2

||F_Fn||L‘(sz; oS

C
1F = F,lle20; 5 < =i

f.— fin L¥Q; L*) with
C
If = Flliza, s < 5=

(Proofs given in Section 10.)

4. Q,— Q almost surely in L? with

1+ R|
10—0.lc@.c) < I—L LIF = F,ll.' . c)+&n IFll @ 0y ]
L+ R||
Q- Qn||L2(9;L2) I—L LIF—F,| . @1t & £l (@2 L )]
P, - Pin L}(Q; L*) with
+ ”R”L

||P_Pn”L2(Q; < LILf = fllz2 @1t & ANz (@2 L )]

(Proofs given in Section 11.)

5. The discrepancy between the exact n-particle solution, Q,, and its
underresolved numerical approximation, Q,, is given by an expression of
the form:

10, —Q,= ﬂ—;l(Tl +1,)

where L, is a linear operator defined by

k—1
(I]-n@n)k: @]rf_h Z Kﬁ_[@fl

=0
and 7, and 7, are truncation errors associated with the approximation of
the kernel and the forcing, respectively. (Details presented in Section 13.)

6. For N,n— oo, h— 0, such that n”h < 1, the approximation (18) is
stable, i.e., ||L,"| is uniformly bounded. (Proof given in Section 14.)
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7. Forl/2<p<]1,
7122 2 < C |log A p2le

(Proof given in Section 15.)
8. Forl/2<p<l,

||Tz||L2(Q;L2) < Ch(4/3)(1*1/41’)

(Proof given in Section 16.)

8. CONVERGENCE OF THE KERNEL

In this section we analyze the kernels K,, given by (7), and show that
they form a convergent sequence in L'; we denote the limit by K. The
convergence rate depends on p; different techniques are used for each of
the ranges 1/2<p<1,p=1,and p> 1.

8.1. Casel:p >1

Proposition 8.1. Let p>1and 7T > 0. Then,

IK =K, .r <

nP- =12

Proof. We shall show that K, is a Cauchy sequence in L? which by

Cauchy-Schwarz, | K|, < ﬁ |K]|,2, implies convergence in L'.
Let m < n, then

-[OT|: Z": sin(' jpt)}[ Z”: Singfpt)] dr

p
j=m+1 ] l=m+1

"Kn _Km "iz

1 [T 1
=) [5—4— sm(2]”T)]

j= m+1]
" sin[ (jP—£7)T] sin[(j?+4£7)T]
R e

j=m+1l £=j+1

12 1 1 1
5 S\ T+~ >+ < - +—.>
2,=;+1 i < j ;1 z;“ jrer\er—jr - 2457

where we have split j = £ and j # £ terms, bounded the sine functions by 1,
and used 1/j7<1/2.
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The first sum can be bounded by an integral:

A I\ 1/ 1\ fedx C,
3 3, () <a(r+) [ G

where

_ T+1/4
T 2(2p—-1)

The double sum is treated as follows: first,

G

n n 1 1 n 1 min(n, 2j) 1 1 n 1 1 )
YT - — 75T
) <€=Zj+1 eer—jr ey, §+1 P 1—(j/ey?

pgp PP _ »
j=m+1 e=j+1 J 0P Lr—j j=m+1J

L QYA 1 1 " 1
SZ;(Z ; ; .+zze—zp>

j=m+1J" \v=1 G+ (+v)P—=j* 0=2j+1

- Z 1(1 i 1 L2 1 >
TS P\ 2 (v /P—1 0 2p—1(2j) !
o1 d 4 no ]
< - —+ =
j:gﬂ ¥ Vgl pv 41’(2p—1)j:§+1 !
1 2 1+logj 4 1
< el
Dilm J7 4’2p—1)(3p—2) m’r

< Bp—2)logm+@Bp—-1) 1

r(3p—2)° m*~?
. 4 1
4°2p—1)(3p—2) m*~*
G,
S T

where C, can be chosen, for example, as

_ 6p—3 4 4
P p(3p—2)* #(2p—1)(3p—2)

Finally,

O LT S By o

Z 3p-2

2 2 S 2 1S
j=m+1 £=j+1 J (p )j:m+1 J m
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where

1
Cy =
2Ap—DBp=2)

Taking C =.,/C, +C, +C; we obtain the desired result. ||

8.2. Casell: p=1

Proposition 8.2. Let p=1, then

C
1K~ Kl <75

Proof. We use again the L?> c L' embedding: | K|/, < ﬁ K2
For p =1 the functions sin(j?’¢) are Fourier basis functions. Let M be
an integer such that

2n(M —1)<T <2zM

then by the orthogonality of the Fourier basis,

n

T sin(ji)|?
KKl = | 3 =
j=m+1 J
wmM |2 sin(jt)]?
<[] X UOF 4
0 j=m+1 J

1 "1
==§(2nﬁl) 2: )

j=m+1

T+2n
<

<

2m

T(T+2m) 1
K=K, < /TW |

Thus,
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8.3. Caselll: 1/2<p<1

This is the most delicate case as K,(#) is not uniformly bounded.
Lemmas 8.1-8.5 below provide pointwise estimates for K,(¢), which are
then used to obtain norm estimates. To simplify notations we write

K ==1= Y, ()

where

sin(x”t)
xP

w,(x) =

Lemma 8.1. Letl/2<p<1land0<¢<T,thenforx>1,

Cl(k9 P, t)

m, k= 1,2,... (23)

wi® ()] <

where
Cl (ks D, t) = (2k)k max(l, pktk)
Proof. We examine the first two derivatives of w,(x):
wi(x) = (—p) x 2" sin(x?t) + (pt) x ' cos(x?t)
wy(x) = (=p)(=p—1) x7?7?sin(x’t) — p( pt) x* cos(x’t)
—(pt) x72 cos(x?t) — (pt)? x =22 sin(x?1),

and observe that the kth derivative is a sum of 2* terms, each consisting
of a prefactor of the form (—p)(—p—1)---(—p—q) x (pt)’, where ¢, r <k,
times x to some power, the largest possible power being (k—1)(p—1)—1,
times either sin(x”t) or cos(x”t). The bound (23) is obtained if one replace
each of the 2 terms by its largest possible value. ||

Lemma 8.2. Let 1/2<p<1 and 0<7<T, and set r=[3";]
Then,

" sin(j?t)

< j sin(x"7) dx‘ LG D)

~ —
m xP m>»~1

P
j=m+1 J
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where

| By |B,,| C,(2r, p,t)
| Gy VR P D G D= p)

Cy(p,t)=1+2 Z

with B,, the Bernoulli numbers.

Proof. The proof is based on the Euler-Maclaurin summation for-
mula:?

n

n 1
X w) =] w0 dxt 3 D (n) = w(m)]
< By @k—1) @k—1)
+kZ_:1 @)t [w:™ () —w; ™ (m)]

l&* - 2 .
_(2r)! Z WE )(]+0j)

j=m+1

where 0 <6, < 1. Substituting w,(x) = sin(x”#)/x?, and using the bounds
established in Lemma 8.1, we get

" sin(j?t n sin(x”t 1
y, U <|[ (x )dx‘+—
jlmr T m o x? m?

+ z Bl ¢ (2k—1, p, 1)

L (20! Mm@ =D=p)+1
| 2r| C 2 t $ 1 __
+(2 )! (2, p, )j=Z+1 j(2r—1)(1—p)+1

For 1/2< p<1 we have 2p—1 < p, hence 1/m? < 1/m*~!. Similarly,
2p—1<(2k—=2)(1—p)+1 for k=1,2,...,r—1, hence, 1/m*F-20-n+! <
1/m?*~'. For the last term, we can bound the summation by an integral,
extending the upper limit of integration to infinity. This yields a term pro-
portional to 1/m®~Y-7 which by our choice of r can be bounded by
1/m*~!. This completes the proof. |

Lemma 8.3. LetO<a<band0<y<1.Then

b <
f s1nyy dy‘ <2
a )y
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Proof. We first argue that for all a, b,

b sin y = sin y
f —dy sf —dy=g(y)
a Yy oy

the reason being that in each of the intervals [0, z], [x, 2x], etc., the
integrand is the product of an oscillatory function, sin y, and a positive,
decreasing function, y~7. As a result, jg y~7sin y dy reaches local extrema
at the points x = kz, the value of each extremum being between the values
of the two preceding ones. The largest value is obtained when the range of
integration coincides with the first interval, [0, z].

We then consider the function g(y). It is convex for 0 <y < 1, hence
g(p) < (1—y) g(0)+yg(1). It only remains to verify that g(0)=2 and
g(H)=185<2. 1]

Lemma 8.4. LetO<a<band 0<y<1.Then

b sin 2
.[ y"y dy‘ <;

Proof. Integrating by parts,

b sin y b (1—cos y)

I —ydy=j —ydy

a )y a y
_l—cosb 1—cosa

b
=% o +yj y 7 Y(1—cos y)dy

from which readily follows

— — b S
l—cosbh 1 cosa<j smyd <1+cosa_1+cosb

B a y? IS a’ b’

and

2 b si 2
__<j smydyg_ i
a’ Ja y? a’

Lemma 8.5. Letl1/2<p<1, then

n S1 P
jsm();t)dx|<zmin< 1 1 >
p

m X
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Proof. By a change of variables, y = x’¢:

n sin(x?t) dx = 1 't sin y
Ll x? x_ptl/p—l L’pt y2—1/p y

To complete the proof we use Lemmas 8.3 and 8.4, with a = m?t, b = n’t,
andy=2—1/p. |

Combining together Lemmas 8.1-8.5 we have the following result:

Corollary 8.1. Letl/2<p<land0<t<T,then

1K, (0)— K, (1)) < 242 ’)+§mm <# #) 24)

mprl tl/pfl’tm2p71

From this pointwise estimate follows the L'-convergence of K,

Proposition 8.3. Let 1/2 < p <1, then that

logn
IK—K, I =€ 2%

Proof. Let m < n; integrating inequality (24), noting that C,(p, t) is
monotonically increasing in ¢, and that the crossover of the minimum
occurs at t = 1/m?”, we have

Cy(p, T)YT 2 ym’ dt 2T dt
1K, Kl < 2B T2 [

ol T )
C(p, T)T 2 1
= - 1 T
m T p @1/ pmr 8
log m
—c 25

where

2 2(1+logT)

w=i/n p 1

C=GC(p,T)T+
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In the following we will also need an estimate for the rate of conver-
gence of the integral of K, in L% We define

o 1, & l—cos(j’t)
Aoty =| Ky(s)ds =71 X =
and correspondingly, (1) = [§ K(s) ds.
Proposition 8.4. Let p>1/2, then
C
4" — A2 SW
Proof. Let n> m, then
" 1—cos(j?t) L | 2 1
| A, (2) — (D) = — <2 ST Syt e
,-EH 7’ ,-EH T 2p—1 m¥!

Thus,

2. /T 1
e <2V Ly

9. THE RESOLVENT KERNEL

Having established the convergence of K,, we study next the conver-
gence of the corresponding resolvent kernels. Some of the results in this
section can be found, e.g., in ref. 18. It is convenient to introduce a short-
hand notation for convolutions. Let K € L' and Q € L?, 1 < p < oo, then we
define

(K +0)(0) = [ K(t=5) Q(s) ds

This convolution is commutative and associative. Young’s inequality (see
e.g., ref. 18, p. 39) states that K * Q € L? and

1K Ol < K]t |1Qll2r (25
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A similar inequality holds for Q € C with the corresponding maximum-
norm. Note also that

(ory + Q) = [ Q) ds

Proposition 9.1. Let K € L'. Then the equation
R=K+K=*R (26)

has a unique solution R € L', called the resolvent of K.

Proof. We first prove uniqueness. Suppose that R,SeL' both
satisfy

R=K+K=x*R
S=K+K=x*S
Then
R—S=(K+K*R)—(K+Kx*S)

=K*R—K=xS
=S—-K*S)* R—(R—K*R)* S
=0

To prove existence we first assume that ||K|;' <1. In this case we
construct the resolvent by successive approximations:

RO =K
R™ =K+K % RV

The general term can be written as
m+1
R™=Y K*

j=1

where K* denotes a j-fold convolution of K by itself. By Young’s inequal-
ity (25), |K*||: <|IK]||%1, thus R™ is a Cauchy sequence in L' and has a
limit R e L. It still remains to show that R satisfies Eq. (26):
|IR—K—K % Rl,+ = [(R— R™)— (K= K)— K * (R—R" V)|
<[IR=R™|p + K] [R—R™ V|l >0
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We proceed to show that the assumption ||K]||;1 <1 is not restrictive. It
is always possible to find a real number y > 0 such that

Kk(t) =e "K(t)

satisfies |x|;: <1 (it follows, for example, from Lebesgue’s dominated
convergence theorem). Set p € L' to be the resolvent (proven to exist) of x,

pP=K+K*p

then R(z) = e”p(2) is the resolvent of K(¢) as
R(t) = e"k(2) +Jt """ (t—s) e”p(s) ds = K(t)+ (K * R)(¢)
0

This completes the proof. ||

The next theorem establishes the role of the resolvent as the solution
operator of the Volterra equation.

Proposition 9.2. Let K € L', then for every F € L? there is a unique
solution Q € L? to the Volterra equation,

O=F+Kx*Q
given by
QO=F+R=«F
where R is the resolvent of K. If F € C then Q € C.
Proof. Let F € L? and define
OQ=F+RxF
which by Young’s inequality (25) is in L”. Now,
Q—-K+Q=Q—K=*(F+Rx+F)
=Q—(K+K+R)+F
=Q—R+F
=F

hence Q is a solution of the Volterra equation.
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Conversely, let Q € L? be a solution of
Q=F+K=x*Q
then
OQ=F+(R—R=+K)=xQ
=F+R*x(Q—K=*Q)
=F+RxF

which proves uniqueness. The same argument holds for Fe C. ||

The next theorem shows that the resolvent R is continuous with
respect to K in the L'-norm topology:

Theorem 9.1. Let K, —» K in L', where the K, have resolvents R,
and K has resolvent R. Then R, — R and for sufficiently large n

(IL+[RII.)? 1K — K, !

IR—R, [l <
U= (R 1K =K,

Proof. The resolvents R, R, satisfy

R=K+K=xR
R,=K,+K, *R,

Subtracting one equation from the other,

(R—R,)=(K—K,)+K*R—K, R,
=(K—K,)+(K—K,)*R,+K * (R—R,)

This equation can be viewed as a Volterra equation for R— R, with kernel
K and forcing (K—K,)+(K—K,) * R,. By Proposition 9.2 the solution is

R—R,=[(K—-K,)+(K—-K,)*R,]
+R«[(K—K,)+(K—K,)*R,]

We define an “error,”

E,=(K—K,) +R*(K—K,) 27)
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in terms of which
R—R,=E,+R+E,—E,*(R—R)) (28)
Taking norms and using the triangle inequality we obtain

(+IRI) IE D _ (L+IRI) &,
R—R, | < < 29
IR= Ryl <= = e 29)

where
&, = (1+[IRllz1) | K=K, [l > [|E, ||
and # is sufficiently large such that ¢, <1. ||
In the sequel we also need a bound for ||R,|;:. Equation (28) implies
R,=R—E,—E,*R,
hence for n sufficiently large

IRl +E. Nz _ IRl +e,

Rl <
Rl < e S 1=

(30)
Finally, we consider the L? convergence of the integral of R,:

Proposition 9.3. Let
2,0 = [ R,(9)ds
A1) = jo R(s) ds

then for » sufficiently large

(L+ IRl 14 — A2
I—(1+[R[z) 1K =K,

12— R,|l,> <
Proof. Let

&,(1) = jot E,(s) ds
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where E, is given by (27). Recalling that integration is equivalent to a con-
volution by 1, 7, the integration of (27) yields

&= (A =AH)+ R+ (A —A,)
and by Young’s inequality:
€Mz < A+ IRl 1A= A, 2
Similarly, if we integrate (28) we obtain
(Z2—R,)=8,+R+6E,—E, «(R—R,)

and after taking norms:

AR Il _ A+ IR 14— A2

R—R < <
1=l < =\ 1—s,

10. CONVERGENCE OF THE FORCING

We next investigate the convergence of the forcing functions F, and f,.

Proposition 10.1. Let p>1, then F, converges almost surely; we
denote the limit by F. The convergence is uniform on [0, 7], hence F € C.

Proof. Consider F, given by (9). It is the sum of four series whose
(almost sure) convergence needs to be established.

1. The series 7, j ~2[1—cos(j’t)] is non-random and converges
uniformly by Weierstrass’ test for uniform convergence.

2. It is well known that &, n; ~ O(j°) almost surely for any &> 0,
that is, for almost every w € Q there exists a constant C,(w) > 0 such that

|€]|5 |”]|<Cs(a))]87 J=1525-

(seeref. 19, p. 139). Thus by Weierstrass’ test, series 372, &; j “2[1—cos(j*t)]
and .7, #,j~ sin(j*r) converge with probability one.

3. The series }.7°, #,/j? converges almost surely if 37, Var[#,/j’]
< 00, which is an immediate consequence of Kolmogorov’s inequality (see
ref. 20, p. 296). Indeed, for p>1,

D Var[’?—l’,]=z <o 1
=1 J J

j= j=1
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Having established the (almost sure) convergence of F,, the difference
between F and F, is given by the tail of the series:

it cos( ]”t) l—cos( j*t)
F-F,=0Qy ), —— — Z S—m —
j=n+1 j=n+1
S N o« sin(j")
+1 Z _1])_ Z ’7] +2p
j=n+1 j=n+1 ]

The next two theorems establish the rate of convergence of F, in the
LY(2; C) and LX(Q; L?) norms.

Proposition 10.2. F, > Fin L'(©2; C) and

C
1F —F,ll @ c) < P12

Proof. We show that F, is a Cauchy sequence in L'(2; C). Let
n > m, then

|, —F,llogc) <L+ L+ L+,

where
" 1—cos(j*t)
I, =Q,| sup Z —»
0<1<T |j=m+1 J

[ 2 1- ’t
L=E| sup | ) ¢&——m— COS(J)

LO<¢!<T |lj=m+1

|

IL=FE| sup |t l;]

Lo<e<T | j=m+1 ]

" sm(]"t)
L=E| sup | Y n—ps—
Lo<e<T |j=m+1 ]

The first term involves no expectation values and is easy to bound:

¢ <21Ql 1
I, <20
1 ’ j=§+l T 2p- 1 m?!

If £ is a standard Gaussian variable then E[||] =./2/=, hence

" |1 —cos(j?1)| " 2F |§| 2/7r 1
L, <E| sup €| ————= | < -
2 [OstsT j:§+l ! j* j:%:ﬂ j* 2p—1 m>~!
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and

- ISln(J"l)I 5 Eln; | 2/n 1
I,<E| sup Il —,— | < : :
! [ 2 ; §+1 I 2 —1 m¥!

0<t<T j=m+1 J

To bound I; we use the following inequality: let X, X,,... be a sequence of
independent variables that have mean 0 and variance o2, g2,.... It follows

from Cauchy-Schwarz that
N k=»n +1

2 X

k=n+1
thus,
e n; > “ 1 T 1
L<TE <T LIPS S
3 <} %:_'_1 ,] j:§+l ]217 /zp_l m? 1/2

This is the term which has the slowest decay rate. Collecting all four terms,
we obtain the desired result. ]

Proposition 10.3. F, - Fin L*(Q; L?) and

"F_Fn||L2(g; % <

np—1/2
Proof. Let n> m, then
\F, —Fo ey <L+ L+ L+,

where

_ ("] + I—LS(”)}C;
ono |:=Z jz” t

SN K
a=ril] 23] )
SR K



Asymptotic and Numerical Analyses for Mechanical Models of Heat Baths 1149

For I, we have

2 1V 45T 1
2 <— 0 R
Il\Q“f <2p 1 m” 1) NS 1)

For I,, I, I, we use Fubini’s theorem to interchange expectation with time
integration, and then use the independence of the &;, #; ~ A7(0, 1):

3 [l=eosn ) aT 1
Rl § [T T 1
j=m+1 J 4p—1 m
T3 n \2 T3 n 1 T3 1
peT[( £ 2] § Letoot
3 j=m+1 J 3 j=m+1 3(2p_1) m
" in( j?t) T? T 1
I4<f [smg )] dt < —
j=m+1 J 4p—1 m™’

I; has the slowest convergence rate. Collecting all four terms we obtain the
desired result. ||

For the forcing function of the momentum equation, f,, we can only
prove convergence in L*(Q; L?):

Proposition 10.4. f, converges (to f) in L*(Q; L*) and

C
I =Falla iy < 5=

Proof. Let n> m, then from (11)

n

fef = Z ésm(]t) Z "

P
j=m+1 j=m+1 J

1 —cos(j’t)

Taking norms,

If» _fm||L2(g; )< L +1,

where

e[ £ =22 )

j=m+1
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Interchanging expectation and integration,

. PN T 1
IfSJOT 5 [sm(]t)] di<

j=m+1 jp \2p_1m2p—1
r 2 1 —cos(j’t) ]? 4T 1
I’< — | dt<——
2 L) j=§+1|: 7’ 2p_1m2p_1 I

11. CONVERGENCE OF Q, AND P,

In the last three sections we have shown the convergence of K, and
R,in L', of F, in L'(; C) and L% Q; L?), and of f, in L*(Q; L?). These
results imply the convergence of Q,, P, to the solutions Q, P of the
Volterra equations

Q=F+KxQ
P=f+K+P

First, the almost sure convergence of F, implies the almost sure conver-
gence of Q,:

Proposition 11.1. Let K, » K in L' and F, — F almost surely in L?.
Let Q and Q, be the respective solutions of the Volterra equations

Q=F+K=x*Q
0,=F,+K,*Q,
then Q, — Q almost surely in L? and for sufficiently large n

1+ Rl

s F=Flr+e [Flr] GD

19— Quller <

where as in Section 9
&, = (1+[IR[l.1) K=K, ||,
A similar inequality holds with || - ||» replaced by | - |-
Proof. By Proposition 9.2 Q and Q, are given by

Q=F+R«+F
0,=F,+R, xF,
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Subtracting one equation from another,
Taking norms:

19— Quller < A+ IR, 1F = Fllr +|R= R, |l 1F]le

1+ R].

g F=Fller+e I1Flr]

\
n

where we have used (30) and (29) to bound ||R,||;' and |R—R,|l;:- |

Quantitative error bounds are obtained within the spaces L'(Q; C)
and LX(Q; L?):

Proposition 11.2. 0, — Qin L'(Q; C) and for sufficiently large n

1+ IIRIIL

10— Qn”Ll(.Q; oS 1—

[IF —F,|l.: @c) T & |1F]|.: (@ C)] (33)

Proof. This follows directly from (31), with |- ||.» replaced by |-|lc,
and after taking expectation values. ||

Proposition 11.3. Q, — Qin L*(Q; L?) and for sufficiently large n

1+ IIRIIL

10— Qn||L2(sz; S
1—

[IF —F,||.2 @13 T &, ”F”L(QL)] (34)

Proof. This follows from (31) after squaring, taking expectation
values, and using the Cauchy-Schwarz inequality. |

Proposition 11.4. P, - Pin L*(Q; L?) and for sufficiently large n

+ IIRIIL

||P_Pn||L2(g; s LILf = fllz2 @1t E& ANz (@2 L )] (35)

Proof. Same as Proposition 11.3 with the substitution Q — P and

F—f. 1

Finally, an alternative expression can be derived for the convergence
of @, in L*(Q2; L*). It will be used below to interpret numerical data.
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Proposition 11.5. O, — Qin L*(Q; L?) with
10— Qullrxe 3 < (L+IRIL) IF = F,ll 20 12
+(1Qol +1Qol 1Kt +/T 1 full e 1) 12— Rall2 - (36)
Proof. Equation (32) can also be written as
(@-0,)=F—-F,)+Rx(F—-F,)+(R—R,) *F, (37

We then observe that F, can be expressed as

Fy()= O+ [£,(5) = QuK,(9)] ds

or equivalently,

F,= QOl[O,T] + 1[o,T] * (f,—QoK,)
Since (1,77 * f) * g = f * (1}, 17 * &) it follows that
(R—R,)*F,=0,(R—R,) * 1[0,T] +(R—R,) * 1[(),T] *(f,—QoK,)
= QO('%_'%n)-’_('%_‘%n) * (fn_QOKn)

Substituting this back into (37), we take norms, and use Young’s inequality
to obtain

o— Qn||L2(9; ) < (T+IR[l.1) "F_Fn”LZ(.Q; L%
+(1Qol +1Qol IKullet + 1. full 2 ) 12 — Rl 2

We recover the desired results by noting that

Il 2ty < S/T Wl

12. NONLINEAR POTENTIAL

Our results can be extended to the case where the distinguished par-
ticle is driven by a non-harmonic potential force. Let the Hamiltonian of
the system be

1 12 2
H(Qu Pt 1) =5 (P 0D +V(Q) 43 3 | (0,07
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The equations of motion are

0,=-0- V(Qn)+Z 4—0.):  C.(0=0) 0,0)=P

J7G4=—(g;—Q.),  4(0)=0y+¢&;, ¢;(0)=j"n;
giving rise to the nonlinear Volterra equation (Miller®")
Q,=F,—t+xV'(Q,)+K,* 0, (3%
where K, and F, are given by (7) and (9). The limiting equation as n — oo is
Q=F—t+xV'(Q)+K=*Q 39)

To prove that (39) has a unique solution we view —¢xV'(Q) as
an additional forcing term as assume that V' is globally Lipschitz, i.e.,
V'(x)=V'(y)I<L|x—yl. If (39) has a solution Qe C, then Proposi-
tion 9.2 implies that

Q=F—t+V'(Q)+Rx[F—1txV'(Q)] (40)
Conversely, if Q is a solution of (40) with Q, F € C, then Q satisfies (39).

Theorem 12.1. For almost all w € Q, Eq. (40) has a unique solution
QeC.

Proof. We solve Eq. (40) by successive approximation:
QD =F—t+V"(Q®)+ R« [F—t+xV'(Q®)]
QO =F+R+F

Subtracting Q® from Q%**V, taking norms, and using the global Lipschitz
bound, we have

10— Q@) <L el (1+1IRI) 10— Q% Pl
which implies the convergence of Q® by a contraction argument, provided
Ll (A+[IR]) <1
If this is not the case we rewrite (40) as

e O()=e"F(t)—(e™t) « W (t, e "Q(2))
+(e'R(2)) * [e "F()—(e"t) « W (¢, e7"Q(2))] (41)



1154 Hald and Kupferman

where y > 0 and W (¢, x) = eV’ (e”x). Since [W(t, x)—W (¢, y)| < L |x—y|,
we can apply the previous argument and get

le(Q“ Y~ 0®)llc < Llle™tllp (1+]le™Rll1) lle™(Q® = 0* )|l
Note that |le™”R||;: < ||R||.: and [le ;1 <1/y*% The method of successive

approximations will therefore converge if 2 > L(1+||R||.1).
Finally, suppose that (41) has two solutions @, S. Then

le (@ S)le <L le "t (1+]eRl.) le (@ = S)le

1
< LA +[RI.) e (@ =Sl

ie., 0=S. 1|

To estimate Q— Q, we use the fact that R, = K, + K, * R, and rewrite
(38) as

Qn = Fn_t * V/(Qn)+Rn * [Fn —tx* V,(Qn)]
Subtracting this from (40) gives

—R, %t [V'(Q)=V'(Q)]+(R=R,) x[F—t+V'(Q)]
(42)

Following the proof of Proposition 11.1 and using that V' is Lipschitz
continuous we obtain

o— Qn”Ll(!); oS 1+ "Rn”Ll)["F_Fn”LI(.Q; <) + Lt 1@—Q, "L‘(Q; C)]
HIR=R, [ |F =1V (O c)
The estimates for ||R,|;' and ||R—R,||;! in (30) and (28) then yield

1+|[R, Iz
I=|ltl A+IR,N) L—e,

X {”F_Fn”L‘(Q;C) +&, ||F—1* V’(Q)”LI(Q;C)}

" Q - Qn "LI(A'Z; C) <



Asymptotic and Numerical Analyses for Mechanical Models of Heat Baths 1155

for T sufficiently small. If this is not the case we multiply both sides of (42)
by e™". Since the structure is unchanged and e < 1 it follows that

T+|IR, [l

e Q-0 .0y <
le 0= 0l o ST, L+ IR —,

X {”F_Fn”Ll(.Q; ote, IF—=t+V' (Ol e C)}

Using the bounds for ||F—F,|, .y and &, from Propositions 10.2 and
11.1, and letting y and = be sufficiently large, we conclude

S(+IRI)
[—LLIA+ IR —e nr?

”Q - Qn”Ll(.Q; o) <

The nonlinear case therefore has the same rate of convergence as the linear
case.

13. NUMERICAL ANALYSIS

We next analyze the discrete Volterra equation (18) that results from
the symplectic Euler scheme (12). The limit under consideration is the
following: we take 2 — 0 and n — oo, such that n”h remains approximately
fixed: n=[(&/h)V?], E< 1.

We compare the numerical solution Q% k=0,1,..,N—1, Nhi=T,
with the (exact) n-particle solution Q,(¢). The non-standard aspect of this
analysis is that n does not remain fixed as 2 — 0; the equations change with
step size.

It is very convenient to use similar notations for both continuous and
discrete systems. The continuous Volterra equation is written as

LnQnEQn_Kn*anFn (43)

where the convolution is defined as before by

(K, * 0)(0) = [ K,(1=5) ,(s) ds

The discrete Volterra equation is written as

I]-n@n = @n - I:Kn * qln = I]:n (44)
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where the discrete convolution is defined analogously by
k—1
(K, *Q)"=hY K ‘Q,
=0

We carry out our analysis in L*(Q; L*) and L*Q;L?) and use
mapping operators to connect the continuous and the discrete spaces; see
Aubin® and Linz® for related techniques.

Definition 13.1. The restriction operator r,: LX(Q; L) — L*(Q; L)
is defined by

1 .7
(th)"=zf0 1) 0@ dt, k=01, ,N—1

where Q e L*(Q; L?), and y,(¢) is the indicator function of the interval
[, te+1)- The random variable (r,Q)* is the cell-average of Q(¢) in the kth
subinterval.

Definition 13.2. The prolongation operator p,: L*(Q; L}) — L*(Q; L?)
is defined by

N-1
(P@)®) = Y Q)
k=0
where Q € LX(Q; L;). The range of p, consists of piecewise-constant random
functions.
We now establish a number of properties satisfied by the r, and p,:

Lemma 13.1. The restriction and prolongation operators satisfy the
following properties:

lrall = 1.

1
2. pall =1.

3. r,p, is the identity in L*(Q; L2).

4. For Q(t) = P(s)ds, Pe L (2; L),

27, @ — Q||L2(g; ) < ||P"L2(A'2; ) h (45)
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Proof.

1. Forall Qe L¥(Q; L?:

r N-—-1
IOl =E| 4 Y [(th)"]Z]
L k=0
r N 1 1

=E - 0(1) xi (1) dt
3 (] )

<£[; 3 ([ woa)([ conoa)]

_E Nz [ ewnwal

=E _IT Q2(t)dt]
= "Q”iz(g; LY

hence ||r,|| < 1. Equality holds if Q(#) is piecewise-constant.
2. Forall Qe L*(Q; L}):
1/2

N-1
nlos =(E[ £ T @2])" =10k

that is || p,[| = 1.
3. The third property is obvious.

4. Let Q(t) = | P(s) ds, P e L*(; L*). The difference p,r,Q— Q can
be written in the following form:

1 N1 Tke+1
Q=00 =4 ¥ (0 | [06)-0(01ds

=}ll 2:_: 1) L:m f: P(r)drds
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Taking norms and using Cauchy-Schwarz:

Q= = 3 [ ([ [ Py aras ) an

< % E I:g; j B2 J j P(7) dv ds dt

N-1 et 1
<HEY j PX(1) dr
k=0 Y

=h’ ”P”iz(Q;LZ) |

Consider now Q, and @Q, given by (43) and (44), respectively. We
apply r, to (43) and then add and subtract K, * (r,Q,),

I]-n * (thn) = thn_ |:Kn * (thn)
= rh(Kn * Qn)_ |}<n * (thn)+thn

Subtracting ,Q, = F, we obtain

I]-n * (thn_@n) =7,+7,
where
T = rh(Kn * Qn)_ |:Kn * (thn)
T2 =thn_[Fn

If L, is invertible then:

710 — Q,I.2 @Lh <L, 1” Cllzollz2 @yt Iz l.2 (s L,,)]

The right hand side can be interpreted by the standard terminology of
numerical analysis. The two terms inside the brackets are truncation errors.
7, is the truncation error associated with the approximation of the integral
operator, and 7, is the truncation error associated with the forcing. The
total truncation error is amplified by the discrete solution operator L.
The scheme is said to be stable if L, is uniformly bounded.

14. STABILITY ANALYSIS

In this section we show that the scheme is stable, i.e., that ;' is uni-
formly bounded. We concentrate on the range of parameters 1/2 <p<1
where we expect order reduction.
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Proposition 14.1. Let L,: LX(Q; L;)+— L*(2; L;) be a sequence of
operators of the form

[L”@” = @n_Kn * @"

where [, is uniformly bounded in L;, i.e., [K,ll: < C <oco. Then the
sequence L, is stable.

Proof. We need to show that L' exists and has bounded norm. The
proof is similar to the existence proof for the resolvent in Section 9. The
equation L,Q, = F, is solved by successive approximations:

Q,=F+K,«F,+K,*«K,«F,+---
Suppose first that
i,y <C <1
Using the discrete Young inequality,

(|6, * @n”LZ(Q;Li) < ”Kn”L,l, 19,1220, L)) (46)

the sequence of successive approximations forms a Cauchy sequence in
L*(2; L}), and

9]
1Qllz20; ) < Z I Kn”]L}, IFallz2; < (1-C)7'|F, llz2e; L)
j=1

that is,
I <(a-C)™!
If C > 1, then there exists a y > 0 such k¥ = K¥e 7 satisfies
Il <C" <1
Let S = Q%e™* and G* = F¥e " then,
S,=6G,+k,*G,+K,xKx,*G,+ ---
from which follows that

ISullz2e; 2y < (1 -G, lz2e; 22
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and
1Q, ||L2(S2; < e’ IS, ||L2(S2; < a _C,)f1 e’ ||[Fn||L2(:2; L)
hence
I <a=cHe” 1|

Thus, stability boils down to whether KK, is a bounded sequence in L.
To prove that this is indeed the case we need the following three lemmas:

Lemma 14.1. Forall0<y<landk=1,2,...,
Ui (1-y) <2(k—1)
Proof. Starting from the definition of the Chebyshev polynomials,

sin(k cos ! x)

U =
() sin(cos ™! x)

explicit differentiation gives
Upa(x) = 2[(k D) T(x) = Up ()]
For0<x<1:
|(1—x) Uk_l(X)ISﬁ[(k—l)IEC(X)I+IUk72(X)I]S(k—1)+(k—1)

where we have used bounds for |7,(x)| and |U,_,(x)| (see Appendix B).
Setting x = 1 — y? we recover the desired result. ||

Lemma 14.2. Forall0<y<landk=1,2,...,
YU A=y <6(k—1)+(k*=1) y

Proof. Let 0 < x < 1. Differentiating U},_,(x) we get

2

k*—1
Uia(x) = 2)2[(k D) Ti(x) = U z(X)]——U;c 1(%)

(1-



Asymptotic and Numerical Analyses for Mechanical Models of Heat Baths 1161

which immediately implies

6(k—1) k>—1

VAN <Gt

Setting x = 1 —y* and multiplying both sides by y* we obtain the desired
result. |

Lemma 14.3. Forall0<y,<1,0<y<l,andk=1,2,...,
j”’ U (1— y)d ‘< n’ k-1

|1 (7, yo)l = 7 \21+y(1_y)

Proof. Changing variables into x = cos ~'(1 — y), this integral reduces to

X0 in(k
L(y, yo) = L (lsmﬂ

—cos x)’

where x, =cos }(1—y,) € [0, 7/2). The integrand is the product of an
oscillatory function, sin(kx), and a positive, decreasing, and convex func-
tion (1 —cos x) 7. This structure implies that I, (y, y,) reaches its maximum
value after half a period of the sine function, i.e., at x, = n/k. Thus,

sin(kx)

n/k
0 <[ ooy

_ sin(kx)
j 27sin?(x/2) 2)

n kx
< "
S fo 3 /m)7

7.[2

T 2T(1—y)

2y—1

where we have estimated sin(kx) upward by kx and sin(x/2) downward by
x/m. 1
Lemma 14.4. Letl<p<|, then K, satisfies the pointwise estimate:

2

n B 2—
|K5| < tk+t11€/T+tk+72|:64p2tk+2 \/Epz l_i ti]

where B, is a Bernoulli number.
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Proof. We write the discrete kernel as
KE=—1,— z wi(J)
j=1
where

wi(x) =hU,_,(1—-1x*h?)

The Euler-Maclaurin formula truncated after one term is

z . " 1 B2 z ”ny s

Y (i) = [ w0 dx+3 Dwe(m) = w001 =3 X, wi(j+6)
j=1

j=1

where 0 <6, < 1.
We estimate the right hand side term-by-term: w,(n) and w,(0) are
bounded by

sup |wi(Dl=h sup |Up_,(x)| =hk =1, (47)

0<j<n 0<x<l1

The first two derivatives of w,(x) are given by

wi(x) = —ph’x* U _ (1 -3xh?)
wi(x) =—pQ2p—1) B*x*2U;_;(1 =1x*h*) + p*h°x** U} _, (1 — 1 x*7h?)

Setting 1x*h* = y* and using Lemmas 14.1 and 14.2, we find

n h
Wil <2p(2p—=1) 5 VUi s (1=yH)+4p° 5 |y4U 1=y

2p(2p—1)xﬁz(k—1)+4p S [6(k—1)+(k2—1) 27"/ 2x?h]

<32p? +2ﬁ 2k

Thus

n

YW

j=1

32p2zk[1+f ]+2fpzzk[1+j dx]

2—
=64p%t, +2 \/ipzt,i 5 L4

(48)

S|
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It remains to bound the integral:

j " (x) dx = h j Uy (1=1x7h?) dx
0 0

21271 0 Uy (1—y)
=—mf — 4y
p 0 y
Lemma 14.3 with y = 1—1/2p gives
*Ual-p) 2pn’
L y171/2p S 52-172pp 1 /p-1

hence,

2

n T
‘j wk(x) dx S W (49)
0 tk

Combining (47), (48), and (49) we obtain the desired bound. ||

An immediate consequence is:

Theorem 14.1. The discrete kernels K, form a bounded sequence
in L}, hence the sequence of discrete operators L, is stable.

15. CONSISTENCY ANALYSIS: THE KERNEL

In this section we evaluate the truncation error associated with the
integral operator:

7 =n(K, *0,)— K, x(,0,)
Adding and subtracting r,[ K, * (p,r,0,)], 7, splits into
T1=T1,+Tw
where
Tia = 1K, * (2 @)1= K, = (1,Q,)
and

T =14 [ K, * (Q, — P11 00) ]



1164

Hald and Kupferman
The second term, t,,, can be estimated as follows

||771b||L2(9; L)) <l 1Kl 19, _Phthn||L2(9 )
<[l ”Pn”LZ(.Q;LZ)h
where we have used Lemma 13.1. Both ||K,[;: and ||P,|;2q, ;2 are uni-
b

2. 172 i
formly bounded, thus, the convergence of 7, is first-order, which is the

convergence rate of the symplectic Euler method for non-stiff systems
To evaluate 7,, we first write it in explicit form

N-1 k—1
h=r ]| Kat=9) T 090 dsdi—h T KL (1, 0,)"
ty 0 =0 L=

Note that the summation in the first term can be truncated at £=k
Separating the ¢ = k term from the other terms

k—1
Tllca = A(thn)kJ’_h Z AKfl_k(thn)e
£=0

where

A= " J K,(t—s)dsdt=——— Z 3ph [sin(j*h) — j*h]

and

1 + Se+
AKE* }7] "MK (2 —s) ds di— K
Se

"1 k—¢ 4 sin*( j?h
_Z [ psmE:E)S( ¢))¢] Smap(;z ) n[j”(tk—t[)]]

Using the triangle inequality, the discrete Young inequality (46), and the
boundedness of r,, we obtain

I71all2@: 22y < (14| + 14K, M122) 1Qall2: 22)
By Taylor’s expansion |sin( j?h) — j?h| <1 j*’h°, hence

) | ]31’h3 h? nh?
4 <—+ Z

=—4—< Ch*>\/r
6 L 6 676~
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It remains to evaluate [|4K,[;; which is what we undertake next. To
simplify notations, we write 4K, as

AKE= Y we(j) = wk(1>+z we ()

j=1 j=2

where

sin[ 2k sin~'(}x?h)] sm2(2 xPh) }
() = — oY) Gin(kxh 50
") { J1=(x?h)? Gy D 0

and use the Euler-Maclaurin formula:

n

n 1
Y (i) = [ wix) de+3 D) +wi(1)]

j=1

B,

+ Z (2 )' (2m 1)(n) W(Zm 1)( )] (2 )'

_z wEI(j+6,)
(51)

where 0 < 6; <1 and r is determined below. We have separated w, (1) from
the rest of the sum to avoid function evaluations at the origin.
We now make the following observation: the functions

1 sin’z
and

J1-22 z?

are both of the form 1+ g,(z), where g,(z) represents a generic expression
for a function that is analytic at |z|] < 1 and has a double root at the origin.
In particular, for every function g,(z) in this class there exists a constant
C > 0 such that

lg:(2)| < C Iz]* (52)

for |z| < 1/2. This abstract notation implies the following algebraic equiva-
lences: g,(z) +g,(2) ~ £,(2), ag,(z) ~ g,(2), and zg3(z) ~ g,(z). Also, let the
function trig(z) represent any of the trigonometric functions =+sin(z) or
+cos(z). Then, w,(x), given by (50), is of the form

wi(x) = Wi 1 (x)+ Wk,Z(x) +wy 3(x)
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where
w1 (x) = x~?{trig[ 2k sin~'(}x?h)] —trig[ kx?h]}
Wi () = x ™7 trig[ 2k sin~'(}x?h)] - g, (A xh)
wy 3(x) = x 7 trig(kx?h) - g,(3x"h)

and a=1. We have introduced the parameter ae[1,2] to exploit the
present analysis in the next section as well.
By Taylor’s expansion

2

2sin7(z) = 2+W%
for some 0 < 8 < 1, hence

[2sin7'(z) —z| <}z, lzZ] <1
Combined with the trigonometric identity,

trig(a) —trig(b) = 2 trig'[1(a+b)] - sin[;(a—b)]
we get
|trig[ 2k sin~'(}x?h)] — trig(kx"h)| < min(2, kx*7h?) (53)

We proceed to evaluate the various terms in the Euler-Maclaurin
formula (51). Using (52), (53), and the boundedness of trig(x),

Wi (D <1-1kh*> < Ch?
Wi 1 ()| <n™?-2 < 2h*
Wi 2 (D], Wi s(D] < 1-1-Ch* < Ch?
Wi ()], Wi s(m)| <n™-1-C < Ch*
hence,
Wi ()| + [wi (D] < Ch* (54)

Next we evaluate the derivatives of w,(x). We start with w, ;(x) and
note that its first derivative can be recast in the following form:

, 1 (1 . t .,
Wea(¥) =—; {; trig(kx?h) - g,(3x?h) +x1’1 — trig’ (kx"h) - gz(;xph)} (55)
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where we have used the properties of the class of functions g,(z). One can
prove by induction that

1 2 /m t
wi(x) = Je” < >Wtrlg“}(kx"h) g:(4x7h)

s=0 s

which leads to the following estimate:

1 = /m\t,-1-Cx*"h? . X’
(Wi S z (s)WgC(l-i_tk) -pre (56)

s=

where we have used the fact that m(1—p) < s(1—p)+ (m—s) for s <m and
1/2<p<]1.

Examining w, ,(x) we see that it has the same structure as w; ;(x),
hence by the same arguments,

w3 (x) =

1 m m tS
en Y <S>—s(1 Sy trig W2k sin ' (Gx7h)] - g, (5x7h)
s=0

and

2ph2

W (o)l < C(A+2,)" (e

p)+op

(57)

The term w,_,(x) requires more attention. Differentiating it once we obtain
Wi 1(x) = —apx ™7~ {trig[ 2k sin~'(3x?h)] — trig(kx?h)}
+ pt,x =2+ trig'[ 2k sin ' (AxPh) ] - [1—1x*h*] 7/
— pt,x PP~ trig! (kx?h)
Noting that [1—1x*A?]7"/?>= 1+ g,(4x”h), this can be rewritten as
Wi 1(x) = —apx =P~ {trig[ 2k sin~'(3x?h)] — trig(kx*h)}
+ ptix P+~ Ditrig'[ 2k sin ' (Ax?h) ] — trig (kx"h) } +w) ,(x)

where the last term represents an expression of the same form as one of the
terms in w;_,(x). By induction,

1 2 /m 13
(m) — k
wkml (x) - X Z CS xs(lfp)+(m7s)

s=0 §

x {trig®[ 2k sin~'(}x?h)] — trig® (kx"h)} +w(x)
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where the C, are constants that depend on «, p, and s. Using (53) and (56),

Wi (0l < C(L+12,)" min(1, kx*h%) + wi (x)|

xm(l —p)+ap

which combined with (56) and (57) gives

i () < C(1+1,)” [x¥h>+min(l, kx*?h)]  (58)

xm(l —p)+ap

and in particular,
Wi (DI < C(A+4,)"*" h* < Ch®
()] < C(L+ 1™ he+m/2-D < Che

Let r be fixed, then there exists a constant C > 0 such that

r—1

Y o DD (1] < e (59)

m=1
Setting now m =2r and x > 1,

2pp2 3pp3 3p1,2
xPh*+kx h<C(1+t)2’+1 x?h
= k x2r(1—p)+olp

Wi (Ol < CU+8)" 50—

If r > [1+p(3—a)]/2(1 — p) then a crude estimate gives

" 1
< C(l +tk)2r+1 h? 22 j2r(1—p)+(ﬂt—3)1’

j=

BZr
2r)!

Y Wi (j+6))

i=2

< C(1+1)7 1 R (60)

It remains to evaluate [} w,(x) dx. Changing variables into y =1x?h
we get

fn Wi 1(X) dx+fn Wy 2(x) dx+r wis(xX)dx=L+L+1,
1 1 1
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where

yhn 1 . . .
I = Ch“‘l/”J. ST {trig[ 2k sin~'(y)] —trig[2ky]} dy

1
3h

I, =Ch*'/» f g -2 trig[ 2k sin~'(y)] dy

1 1+a—1/p
Y

I, = Che\/p f 2 8D o oky) dy

1+a—1
%h y +a—1/p
We start with I;. Using trig”(x) = —trig(x) we write it as follows:

1pp f ! ’
sy [ 82(D) trig'(2ky)
I;=Ch pLh yl+a=17p - 2k dy

Integrating by parts we find

C | &) .,
I3=—g€h 1“”[ylﬂl/ptrlg(Zky)

LnPh

2
1
2h

h "
[ %531) /p] trig'(2ky) dy

1 p
+£ h“*l/pjin
y

2k 1h
Since y +*~Pg (y) is uniformly bounded on (0,1/2],
[[y~(*+*~"/Pg,(»)1'| is integrable,

and

C
LI <—h*"r
1< o

Consider next I,: changing variables, z = sin'( ), we obtain

sin~'Gn’h) g,(sin z) cos z
2= trig(2kz) dz
sn~'dpy  (sinz)'*emlr &(2kz)

L=ChVr |

Noting that
g,(sin z) ~ g,(z)
cosz~1+g,(2)
(sin z)~+em1/n) o 7=t /D] 4 g (2)]

we can write

in ! LnPp) (Z)

_ a—1/p [* G &> .

L,=Ch*'/? Lin*%lh) Tra17 trig(2kz) dz
2
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Since [sin~'(3h), sin~'(3n?h)] <= [h/2, n/6] then I, has the same structure
as I, and

C
A

Consider I;: changing variables z = sin~!( y) only in the first term and
using again the equivalence relations of functions in the class g,(z), we get

sin~'(n%) trig(2kz) ' trig(2ky)
_ a—1/ 2 _ o 7 |2 = 7
Il - Ch p{J‘sinl(;h) Zl+on—1/P z J%h y1+°‘_1/1’ dZ}
Lopp
+ Choc—l/P LZ % tr1g(2ky) dz
Ly
2

The last term is of the same form as I;; the first two terms differ only in
their ranges of integration, hence

j%h trig(2kz) N fsin’l(%n”h) trig(2kz)

sinfl(%h) Zl+oc71/p Zl+oc71/p

I = Ch“‘””{ dz}+13

%nph
The first integral can be estimated directly, using |32 —sin™'(h)| < CR’,

s 1h trig(2kz) a-1/p
J\A ~1,1 1+a—1/p
sin (Eh) z

< Ch?

dZ‘SCW

h1+<x—1/p

The second integral can be bounded using integration by parts:

w1y [37 trig(2kz)
he—lr f 2 e

sin~'(nfh) Z

C
d <_ha—1/p
‘ >

Combining I, I,, and I,

‘ f " e (x) dx <%h°““” (61)
1

We collect (54), (59), (60), and (61), which we substitute into the
Euler-Maclaurin summation formula (51). Since for p < 1

hon — hocfl/p

h'/Pk ho—lr
<
k ¢ k
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we end up with a simple pointwise estimate:

Zl Wk(])| <C

j:

ho-1/p
k

(62)

The corresponding L, norm satisfies:

n

Z wi(J)

j=1

N-1 1
SCh'r-p Yy —< Ch'**7VP(1+1og N)
L =1 k
Setting a = 1 we conclude:

Proposition 15.1. Let 1/2 < p < 1, then for 4 sufficiently small

14K, Iy < Ch*>7'/7 |log A

16. CONSISTENCY ANALYSIS: THE FORCING

In this section we evaluate the truncation error associated with the
forcing:

T, = th n— [Fn
Substituting F,, given by (9), we obtain

(tx+h)>—17
2h

n l—j%h cos[(k+1}) j°h] sin(} j’h)
j*

(rnF) =00 +P,

n 1—=2cos[(k+3) j?h] sin(3j%h)
+ Z éj L3 j2p

ji=1

L[k - 2 1 i1

+]§1 n; [Zj—”h_f_”h sm[(k—l—%) jPh] sm(%]”h)
k=0,1,..., N—1, from which we subtract F¥, given by (20). Using relations
(15) to express the Chebyshev polynomials in terms of trigonometric func-
tions, we can write 7, as the sum of five terms:

Tz =A1 +A2 +A3 +A4 +A5
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where
1
A = ) hP,
45=20, Y, BT {cos[(k+1) j?h] sin(}j?h) —cos[ (k+1) ¢,] tan(1¢;)}
j=1

A5 =2 zn: ¢ j%’h {cos[(k+2) j*h] sin(} j*h) —cos[(k+13) ¢;] tan(}¢;)}

NI&‘

i ’7_
A5 =2 Z": n; fL”h {sin[ (k+3) j*h] sin(}j?h) —sin(k¢,) tan(3¢;)}
i=1

and ¢; =2 sin'(}j7h).
The first and fourth terms are easy to evaluate:

N—-1 /2
e Lh)—[h Y, iy ] —Ch 63)

and

N-1 o 1/2 hZ n 1 1/2
||A4||L2(.Q;L,Z,)= h Z E(4%) T— Z ]
k=1 j=1

o 1/2
<c;1[1+j j—"] _Ch (64)
1

where we have used the independence of the Gaussian variables 7;.
Consider now 4%, which we split as follows,

n

1
45=0 Y, ij{cos[(k+§) j*h]—cos[(k+3) ¢;1}

ji=1

+0, Z Jl cos[(k+2) j7h]- [

j=1

n(; j’h)
5Jh 1]

2

51 1
03 et 1=
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and identify as being of the form »7_; w,(j), where w,(j) has the same
structure as in the previous section but with « = 2. Thus, we can use the
pointwise estimate (62) to deduce

2-1/p

k

431 <C
and consequently,
2-1 = e 2-1/p+1/2
142l @ 1) < Ch* “"(” X ;?) <CRVr (65)
k=1

We next consider 4,, which we split in a similar way:

A5 = Zj: & jsz {cos[(k+3) j?h]—cos[(k+3) ¢;1}

sin(3 j?h) 1}

+2 ¢ 2pcos[(k+2)]1’h] [ T

2
1
+ é-.—cos[(k+1)¢~]-[1——]
,-; A w 1-( j*h)?
=A§a+A13€b+Al3cc

Using the fact that the ¢; are independent and normally distributed,

sl =h S i[z,,{cos[(k+2)fh] cos[(k+2)¢]}]

k=0 j=1

<h Z zn: { min[2, ;(k+3) j7h° ]}

k=0 j=1

where we have used (53). We can break this summation, say, at n*/3 which
gives

N-1 n*?
2 \2
||A3a"L(Q L,,)<h z z [4(k+2)]ph] +h Z Z/ <_>
=0 j=1 k=0 j_n23,

W23 o dx
< Ch* <J0 x% dx>+C <L2/3 W)

— Ch* @@+ 4 ¢ < Ch@3e=-1/2p)

n@/3Hép—1 =
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thus

"A3a”L2(,Q; )< CH@/HA=1/4p)

The terms 4,, and 4,, are even easier to estimate:

N-1 n 1 s P12
ulva o <{h T 3 | 5|}
k=1 j=1LJ
— C(h4n)1/2 < Ch2(1—1/4p)
Collecting 4,,, 4,,, and 4,,.:
||A3 ||L2(!2; 2 < Ch(“/”(l*l/‘“’) (66)

It remains to evaluate 45, which we split again as follows:

i . . :
45 = 3 1, (snl (k-4 ] —sin(h)
j=1
n 1 . in(X i?h
+ZmiﬁM%+JWIF£%J_%
S 2%

" 1 1
+ nA,—sin(k¢A)-[l——]
Z A V1=Gjh)?
= AISCa +A]5cb +AISCC
The terms 45, and 4, are similar to 4, and 45, hence
455 ||L2(Q; L})> ||A5c||L2(Q; < Ch> =14

To evaluate 45, we have to split it once more. Using the trigonometric
identity,

sin[ (k+1) x] = sin(kx) — 2 sin(kx) sin*(} x) + cos(kx) sin(}x)

we get
" 1 i 1
45,=3 1y Rz [sin(kj*h) —sin(k¢;)]—2 > n; E sin(kj’h) sin’(} j?h)
j=1 j=1

n 1 .
+ 2. 1y 535 cos(ki’h) sinG; )
j=1

k
=A5a1

+45, +45,
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Each of these three terms is now straightforward to estimate, yielding

145l 2@ 12) < CHPO-14D)

which together with 4, and 4, implies
145 )l 2@ 12) < Ch@/H0~1/4p) (67)

Collecting (63), (64), (65), (66), and (67) we can summarize this section
as follows:

Proposition 16.1. Let 1/2<p<1 and T >0, then there exists a
constant C > 0 such that

721l 20; Lh = s F — Full z2o; ) < Ch#/»0 =1/

Note that for 1/2<p <1,

2—-1/p<(4/3)(1—1/4p)

hence the total truncation error is dominated by 7.

17. NUMERICAL VALIDATION

We turn now to a numerical validation of our convergence estimates
for Q, and P,. The numerical data reported in Refs. 6-8 refers to single
realizations of systems as large as » = 32000 particles. All our estimates,
however, are for mean convergence, hence we must average over an
ensemble of solutions. This, in turn, limits us to much smaller systems.

The system of Egs. (4) is linear, which we write as x(¢) = 4,x(t), with
x=(Q,P,a,,...,a,,b,,..., b,); its solution is x(z) = x,(t) = exp(4,t) x(0).
In comparison, we consider a system of m particles, x(¢) = 4,,x(¢), m <n,
whose solution is x(¢) = x,,(¢) = exp(4,,?) x(0). In the smaller system x(¢) is
still a vector of 2n+ 2 entries; the decoupling of the last 2(n—m) degrees of
freedom from the rest of the system lies in the structure of the matrix A4,,.
This construction is necessary in order to allow a path-by-path comparison
of the two systems, as required by the probabilistic setting of our analysis.

The difference between the two solutions is

%,(8) = x, (1) = [exp(4,1) —exp(4,,) ] x(0) = S(2) x(0)
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hence,
2n+1

0,(1)—-0,(1) = Zl S,,(1) x;(0)

2n+1

P,(t)— P, (1) = _Zl S$,(1) x;(0)

Finally, since x(0) is a vector of independent normal variables, then
E[x;(0) x,(0)] =9, , and

2n+2

E|0,(t)— Q. (DI*= _Zl 150

2n+2

E|P,(t)-P,()* = ; S3.,(0)

For moderate values of n these functions are easy to compute.

In Figs. 1-3 we plot the mean square deviations, E|Q,(t) — 0,,(¢)|* and
E|P,(t)—P,,(¢)|% as function of n for t = 1. The solid lines corresponds to
the predicted asymptotic slopes. Figure 1 is for a value of p above 1, Fig. 2
is for a value of p slightly below 1, and Fig. 3 is for a value of p close to
critical value of p = 1/2 where our analysis breaks down.

The first two sets of data show the validity of the predicted conver-
gence rate for system sizes as small as 10-80. Note, however, the less
smooth behavior of the curves that correspond to the momentum coordi-
nate. Figure 3 shows that as p approaches the critical value of 1/2 the
asymptotic scaling does not show up for such small systems.

18. DISCUSSION

The results presented in this paper are divided into two main
categories. (1) Estimates for the rate at which the trajectory of the distin-
guished particle in an n-particle heat bath converges to the infinite heat
bath limit. In the two norms under consideration the rate of convergence
was found to be 1/n?~'/2. (2) Estimates for the rate at which a numerical
solution computed by the symplectic Euler scheme approaches the exact
n-particle solution when the highest frequencies are underresolved, i.e.,
when the step size 4 is of the order of the inverse of the highest frequency.
In this case, order reduction occurs; for 1/2<p<1 the order of the
method is [log 4| A*~'/7, which in terms of » amounts to a convergence rate
of log n/n*~'. Thus, if one uses underresolved computation as an approx-
imation to the infinite system, then the dominant part of the error arises
from the truncation of the heat bath rather than from the underresolution
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of the high frequencies. In particular, the accuracy cannot be improved by
resorting to higher-order integration schemes.

We compare our estimates with the numerical results of Cano and
Stuart.® For p=1 they compare the trajectory Q, of the distinguished
particle for underresolved computations with »=1000-2", m=0, 1, 2, 3,
with an “exact” solution, which is a well-resolved, n = 32000 particle solu-
tion. Their measured rate of convergence is roughly 1, which seems con-
tradictory to our predicted convergence rate of p—1/2 =1/2. The reason
for this apparent contradiction is their different choice of random initial
data, which in our notations corresponds to & ~.47(0,1), and #; =0.
Re-examining Proposition 10.3 we see that in this particular case F—F,
decays at a faster rate:

C
|F—F, |l .20 12 < LT

Combining this result with (36) we obtain that [|Q—Q,l;20.12 <C/n.
Assuming that our estimates for the convergence rate of underresolved com-

putations can be extrapolated to p = 1, we conclude that the expected rate of
convergence is indeed 1, up to a possible logarithmic correction, that is,

logn
. Q— @n”LZ(Q; L} <C

Another question of interest is how sensitive are our results to the
specific details of the model. Since our choice of masses and spring con-
stants is artificial, estimates must be robust with respect to slight modifica-
tions in the parameters for the results to be of physical relevance. An
examination of our estimates indicates that the crucial ingredient is the
summability of 372, co]fz. Any mass distribution that satisfies this sum-
mability constraint can be expected to lead to similar estimates. This does
not include, however, the case of random frequencies, which requires a
separate analysis (see ref. 9).

APPENDIX A. ELIMINATION OF THE DISCRETE HEAT
BATH VARIABLES

Consider Egs. (13). The equations for af, b%, can be written as inde-
pendent 2 x 2 systems

1 —jPh\/a*! 1 0\/d Q' —Qk
0o 1 Apt) \—jrm 1 N\ b 0
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easily inverted into an explicit form,

a;c+l _ a-lic B @I;+l_@lrf (A 1)
b+ b} 0 '

PIARTALAN L
—j*h 1

The eigenvalues of 4 can be written as

where

A = exp(+19;), Ay = exp(—19;)
where
cos ¢j =1 —%jzl’hz, and sin ¢j = ]ph 1 _%ijhz

and it has been assumed that 1—1j*h*> 0 for all j, i.e., that hn” < \/5 The
corresponding eigenvectors can be written as

1 1
" ( +1exp(—; l¢,-)>’ "o < —1 CXP(+51¢,-)>
where
cos(3¢;) =/1—1j7h* and sin(3¢;) =1jh
The diagonalizing transformation is
A=TAT™

where

e <exp(z¢j) 0 ) T < 1 1 >
0 exp(—1¢;) rexp(—i;) —1exp(ig;)

Thus, A can be represented as

e 1 cos[(1+13) ¢;] sin ¢,
~ cos(34)) < —sin ¢; cos[(1—3) ¢j]>
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and its kth power as

o 1 <cos[(k+;) | sin k¢, >

“cos(lg)\  —sinkg,  cos[(k—1)¢,] (A-2)

By Duhammel’s principle, the solution to Eq. (A.1) is:

al _ & _i e Qr -yt
bj M/ m=1 0

which upon substitution of (A.2) read,

aj\ 1 cos[(k+1) ¢;] sin k¢, &
<bf > "~ cos(34)) < —sinkg;  cos[(k—3) ;] ><’71>

B 2’2‘ 1 cos[(k—m+3) ¢;,]1  sin[(k—m) ¢,]
COS(%¢j) —sin[ (k—m) ¢]] COS[(k_m_%) ¢]]

m=1

<@;"—@;"1>
X
0

APPENDIX B. THE CHEBYSHEV POLYNOMIALS

The Chebyshev polynomials® of the first kind are defined by
T,.(x) = cos(k cos ! x), —1<x<1
They satisfy the recurrence relation
Ti(x) =2x T, (%) —Ti»(x)

and are bounded by |7,(x)| < 1. Their derivative satisfies the recurrence
relation

(1=x?) T (%) = k[ Ty (x) = xTi(x)]
The Chebyshev polynomials of the second kind are defined by

sin(kcos™'x) 1_,
( R )

Ut = Ginos ) &
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and are bounded by |U,_,(x)| < k. Other useful relations are

cos[(k+1) cos™ x]

1 -1 =U(x) = U_1 (%)
cos(3c08™" x)

sin[ (k+3) cos™ x]
sin(} cos™" x)

=U(x)+U;_1(x)

APPENDIX C. DERIVATION OF THE DISCRETE VOLTERRA
EQUATION

In this appendix we derive the discrete Volterra equation (18) from the
discrete second-order integro-differential equation (16). The procedure is
analogous to its continuous counterpart, described in Section 4.

Multiply (16) by 4 and summing up over k from 1 to ¢, we obtain an
equation of the form

Al = AL+ A5+ AL+ A (C.1)
where
'] @k+1_2@k+@k—l
Al — n n n
i=h2 W
_ (@1 -@) - (@) Q)
h
®ﬁ+l_@ﬁ n
=— 5 —hthQ—h PN
j=1
L
A;=-hy Q,
k=1

Al=h ; g kgl [Uu(x)—Ui_i(x)]=h 21 ¢ [U(x)—1]

n L n 1
Aﬁ=h z n; Z (j*h) Uk—l(xj)= z ﬂjj_l,[l_Ue(xj)‘i‘Ue—l(xj)]
j=1 k=1 j=1
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Y [WUem(x) = U pa (x)1(@Q7 = Q)

m=1

M= 1D
M~ T~

¢
@y -y kz LUk-m (%)) = Ui ()]

<
I

—_
3
I

—_

L—m
(@ -ay™) kZ LU(x)) = Up_1(x))]

Il
|
=
TR
M(\

-
I

—_
3
I

—_

I
|
=
™M
M(\

-
I

—_
3
I

—_

(@ —Qy ) U,_(x))
where we have used the following identity:

¢
z Uk—l(xj) = 2
k=1

1
ij) [1-U,(x;))+U,_1(x))]

1
= W [1-U,(x)+U,_,(x;)]

Equation (C.1) is a first-order difference equation for Q‘*!, £ =1, 2,....
Note that expression (17) for Q! coincides with (C.1) for £ =0, thus (C.1)
holds forall =0, 1, 2,....

We multiply Eq. (C.1) by 4 and perform a second summation over ¢
ranging from 0 to s—1, s=1, 2,..., N—1. The resulting equation is of the
form

B} = B3+ B3+ B} +B; €2
where
B =Y hdf=Q,—0,—Pt,+hQit,—ht, Y &
j=1
1

B; = hAg =—h Z ts—k@ﬁ = hQOts —h Z ts—k@]ri
k=1 k=

0

Lo 1=Ul(x)+U,_ i (x; "
Bi=Y hAi=7Y ¢ ( ];ZP i ’)—hts PN,
J

=1

5= " t, h
Bi=) hd;=Y 1, |:j_p_ﬁ Us—l(xj)]
=1
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and

s—1
Bi= Y ha!
£=0

n s—1 2
=—#Y T T (@7-00") Uiy(x)
j=1 £=0 m=
n s—1 s—1

=—hYy 3 Y @r-QrHu,_,(x)

j=1 m=1 fL=m

n s—1 s—m—1
=-rY Y (@-27) ) Ux)
j=1 m=1 k=0

Using summation by parts,

s—m—1 s—1 s—1

s—1
z (an,—a, 1) Z b, = —a, Z b, + Z ab,
m=1 k=0 k=0 k=0

we obtain

n s—1 s—1
Bs=—h*}, [ - kZO Uk(xj)"‘kzo @];Uskl(xj)i|

1

n _ . ) n  s—1
=0, Z ! US(x]).+Us_l(x])—hzz z @ﬁUsfkfl(xj)

2p
j=1 J j=1 k=0

Substituting B]—B: into (C2) we obtain the discrete Volterra equation (18).
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